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TECHNICAL REPORT R-79

FAST INTERPLANETARY MISSIONS WITH LOW-THRUST
PROPULSION SYSTEMS

By W. E. Mokckern

SUMDMARY

A ximple fanaly of indivect-transfer trajectories
between circular orbits s used to evaluate the mass
ratio required to complete round-trip interplancetary
misstons using low-thrust propulsion systems.  These
trajectories, although not optimum, yielded very sub-
stantiad reductions i total round-trip time for Mars
missions with moderate inereases in initial weight.
For a powerplant specific weight o of 10 pounds per
Eilowatt of jet power, 1rip times were reduced from
1200 to 600 days, for a typieal manned mission,
with an initial werght Tncrease of a factor of two.
Comparison with a nuclear rocket with 1000-second
specific impulse indicated that the clectric-propulsion
system required less initial weight for trip times as
low as 550 days with a=10 and as low as 400 days
with a«a=4 pounds per kilowatt. Further weight
reductions would be erpected with more mearly
optimum trajectories.

INTRODUCTION

The study of round-trip interplanetary missions
using low-thrust propulsion systems (such as elee-
trie propulsion) is more difficult than similar
studies for high-thrust systems, beeause the tra-
jeetory cannot, in general, be represented in closed
form. To determine the propellant mass required,
a complete integration of the trajectory equations
is generally necessary for each trajectory chosen,
It 1s naturadly desirable to choose those trajec-
tories that minimize the total initial weight re-
quired to complete a mission in a given length of
time.  For one-way trips to Mars, such an optimi-
zalion program was reported in reference 1. A
discussion was also given in reference 1 of round-
trip missions consisting of optimum onc-way

trajectories; but, sinee no attempt was made o
include the effect of waiting time at the destina-
tion planet (which is required to effect rendezveus
with the Earth), no valid conclusions could be
drawn on the propellant requirements as functions
of overall mission time. Tt is, 1n fact, elear from
studies of high-thrust trajectories {refs. 2 to 4)
that direct Earth-planet trajectories such us those
of reference 1 are unlikely 1o produce the largest
mission-time reductions for a given initial weight.

Another study of low-thrust round-trip missions
was included in reference 5, wherein constant-
tangential-thrust trajectories were used.  Tow-
ever, as was pointed out in that reference, an
extensive program  of trial-and-error computa-
tions would he required to make these trajectories
useful for round-teip missions much faster than
the minimum-energy mission.  Cousequently, it
has hitherto not heen determined whether faster
round-trip interplanctary missions are possible
using electrie-propulsion systems, or what weight
penalties are likely to be involved to achieve such
tinie reductions. The purpose of the present
report is to answer these questions in a preliminary
way.

The approach used herein is to select a particu-
Iar family of continuous-thrust trajectories (not.
necessarily optimum) for which it is easy (o vary
trip time, (ransit angle, and perihelion or aphelion
distanee.  Combinations of members of this family
of trajectories are then found that minimize the
initial weight for a given total trip time. The
results are then applied to typieal manned and
unmanned Mars missions {o show how initial
weight varies with mission time and to compare
this weight with that possible using high-thrust
nuclear rockets,
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MISSION ANALYSIS

GENERAL DISCUSSION

Before considering the particular trajeclories
selected, it is well to derive general expressions
for determining initial weight required for any
round-trip interplanetary mission. These mis-
sions can generally be divided into seven phases:
(1) Earth cscape, (2) Earth-planet transfer, (3)
descent to planetary orbit (or surface), (4) wailing
time, (5) escape from planet, (6) planct-Earth
transfer, and (7) descent to Earth orbit (or sur-
face). Tor onc-way interplanetary probes, only
the first two or three of these phases need be
considered; while for round-trip missions, all must
be included.  With high-thrust propulsion sys-
tems, only phases (1), (3), (5), and (7) involve
propulsion periods; while with low-thrust systems
all phases except phase (4) may require continuous
propulsion.

For preliminary studies of mission capabilities
and feasible trajectories, such as those contained
herein, it is agsumed that:

(1) Ouly a single gravitational mass need be
considered during each phase (the Earth in phases
(1) and (7), the destination planet in phases (3),
(1), and (5), and the Sun in phases (2) and (6)).

(2) The orbits of the Earth and the destination

planet are eircular and coplanar.
These assumptions are justifiable on the grounds
that the major encrgy changes involved in the
actual mission are included i this simplified
model.

The cseape and descent phases of the mission
(phases (1), (3), (5), and (7)) can be adequately
handled using the charts of rveference 5. These
charts present trajectory parameters for constant
specific impulse and constant thrust directed
parallel to the instantaneous velocily vector.
It has [requently been indicated (e.g., refs. 1 and
5) that constant-tangential-thrust trajectories are
close {o optimum with respeet to propellant
consumption for accelerations from satellite orbits
to eseape veloeity.

The Earth-planet transfer phases (2) and (6)
will be evaluated using a particular trajectory
family to be derived. These phases consist of
transfers between two ecircular orbits (those of the
Earth and the destination planel) with the
boundary condition that the vehiele velocity is
equal in magnitude and direction to that of the

Earth at the Eartl’s orbit and that of the destina-
tion planet at its orbit. For such transfers,
reference 1 indicated that propellant consump-
tion is minimized if maximum jet power is applied
at all times (as in the constant-thrust ease) but
with the thrust varied to follow certain optimum
trajectories.  Phases (2) and (6) will therefore be
called variable-thrust phases; and the trajectory
family to be derived, although not optimum, is of
the constant-power, variable-thrust type.

MASS RATIO FOR CONSTANT-THRUST PITASES

As pointed out in referenee 5, mass losses other
than propellant consumption can sometimes be-
come important in calculating the trajectories
and performance of low-thrust vehicles.  Particu-
larly for manned missions, the consumption and
ejection of subsistence supplies may significantly
affect the trajectory during the lengthy propul-
sion periods. The mass-ratio expressions, both
for constant-thrust and variable-thrust trajee-
tories, will therefore be derived for the case where
supplies, other than propellant, are being ejected
without generating thrust. Tt is assumed that
this ejection takes place at a constant rate, since
discontinuous ejection of sizable mass requires
stepwise integration of the equations of motion.

To determine the trajectory as a function of
time from the charts of reference 5, the two
paranmeters that must be speeified are a, and 17,
where a,= Fimyg, 1s the initial thrust acceleration,
andV;=v;/e. o158 the effective jet velocity parameter.
(Subseript 0 is used to designate values in the
reference orbit, which is either the departure
orbit for eseape phases or the destination orbit
for descent phases.) The expression for effective
jet velocity parameter is derived as follows:

P T o
Tm Mt mg
where 5 Is effective jet velocity, Fis thrust, m,,
is propellant consumption rate, and m, is supply
cjection rate.  (All symbols are defined in ap-
pendix A) Now

I

n

Ly pr

M=

where ¢, ,, 1s propellant jet veloeity, so that

= Ty pr
! M 2

1 ;
er,,,
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Making all velocities dimensionless with the ref-
erence cireular veloeity v, viclds

b
‘J.pr

Vi=——"m, @

With 17 and ay specified, constant-thrust phases
of the trip can be determined from the charts of
reference 5. The mass ratio for these propulsion
periods 1s given by

My TT My @

where 7=1g,t/r, the dimensionless propulsion-
time parameler, and where my=m, for outward
paths and mg=m, for inward paths.

For clectrie-propulsion systems, thrust and pro-
pellant jet velocity (or @ and v;,,) are not in-
dependent.  For constant jelt power, they are,
in fact, related by

Mps, pr =Fr; ,,=14761, (5)

where F7is expressed in pounds, #; ,. in feel per
sccond, and 77; (the jet power) in kilowatts. In
dimensionless form this becomes

Ue,0 mngoWi

(6)

aorj,p,:

where W,=m gy is the initial space vehiele weight.
This iitial weight is introduced to permit use of
two design parameters: the specific powerplant
weight o (=H7,,/;, Ib/kw) and the ratio of power-
plant weight to initial gross weight g (=V7,,/77).
With these parameters, equation (6) becomes

. 1476 W, B
Ue,g Mofy

@

The mass ratio for the propulsion peried can be
expressed in a more useful form, in terms of the
propulsion time and the parameters a« and g
Thus,

Do T dor T, ¥

where ¢; is the propulsion time.  But

. _ 1476 W, B

vV, ——
» T N
! Aolc,0 Mo ¢

9)

and
@) _ (@)
77 Peals (10
Ty
Consequently,
. .
o —4.14><10-5r0(a,of)2(%> Z?If’ﬁ%—’fn’f
(11)

where rq 1s expressed in miles and ¢, in days.

For the outward trajectory (me=m,), equation
(11) is the solution for m,/m,. For the inward
trajectory (mg==m,), the solution of the quadratic
for my/m, 1s

\/1+40 (1—-@-’1)_1

my m,
Mg 20
where
_ myGy «
=4.14X107° z Mafly &
C=4.14<10"ry(aer) W, B

For values of € and my,/m, much less than unity
(which is generally the case), expansion of the radi-
cal yields, to first order in 7 and m,/m,,

me-(1-245) -0y
Mg

My

"This expression can also be written in the following
more convenient form (for later derivations):

Mo (1IN 14105 27"a.flo_‘}_]‘1
mf(l mﬂ)[luu,\m o) Tt 2

(11a)

Equation (11) (with mg=m,) will be used for com-
pulations of mass ratio for outward paths, and
equation (11a) for inward paths. TUse of equation
(11a) is conservative, in that values of myfm, ob-
tained are lower than those resulting from the
exact cquation.

The dimensionless total-impulse parameter (aer)
1s determined from reference 5 for the energy
change required during the propulsion period. For

ralues of @y and 17 corresponding to escape from,
and descent to, circular orbits near the planets with
cleetrie-propulsion systems, the value of apr is
approximately 0.9 and is rather insensitive to mod-
erate variations in @y and 17 in the range of interest
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for clectrie propulsion.  This value will therefore
be used for the eseape and descent phases of inter-
planetary missions.

Tt is clear from cquation (11) that, for cach
constant-thrust propulsion period, an opltimum
propulsion time exists that minimizes the sum of
the propellant weight aud supply weight required.
Representing equation (11) by

my

—=1-—alt}1-—-(lzl‘;
a

,\
—
L&)

g

and differentiating with respeet to f, yield the fol-
lowing values for optimum propulsion time and
maximum mass ratio:

topf:’\’al/ag, (1&1_\_,'8 (13)
m — ,
°> =1—2+a,a, (14)
'”a' mazr

For most missions of interest, {,,, is unreason-
ably large. Tu particular, if a; is negligible (very
small supply ejection rate), equation (12) leads to
the obvious conclusion that the propulsion time
should be as large as possible to reduce propellant.
consumption. This optimization is therefore not
a useful one when reductions in total trip time are
being sought.

MASS RATIO FOR VARTABLE-THRUST PHASES

For variable-thrust propulsion phases, the deri-
vation of convenient expressions for the mass ratio
proceeds in a manner similar to that of reference 1,
except that supply consumption and ejection are
considered.  The differential mass loss can be
expressed as follows:

dm=—dm,,—dm

=— F di—m, dt

Tj.pr

m3a?

_ 7 Y ar 15
F/')_,,,+m°> d# (15)
where the constant-power condition

Fe, ,,=1476D, (16)

has been used. Equation (15) can be writien in
integral form as follows:

Ll e am
My me )y mEJ, 1476P,

or

0.280°, /m, . Lt Crr fa\?
L HL—1—mm, | — )= ) dr=v
Mafolc,a N Jo M Joo MNa

(1s)

where v, , is expressed in miles per second.  The
integral of the square of the nondimensional ac-
celeration v is the quantity to be determined from
the particular trajectorics selected.

To obtain the mass ratio in a reasonably sim-
ple manner from equation (18), the mass in the
denominator of the supply-consumption integral
is represented by a mean value, given by

m=k(m,+my)=km, (l+§2”> 19

With this substitution, equation (18) becomes

Mty
0.287; | m, 1 m, (20)

muﬂuvc,a My k;g 1 My
+ m

Tn terms of the parameters « and g,

0.289; 0.280, m; ga__0.28 gy m; B

_02 91
Mol ,a ‘1z‘zf“c,a My Gu Vea Ja My @ =)
so {hat equation (20) can be written
'/I‘(s[f
m, m mg a
Moy T& 427 (22
(g Iy )
My,
where
Pea fa kew Foe
=—r=cy, T 23)
028 g0 " 1D (=2,

Equation (22) is the required relation hetween
mass ratio and the trajectory parameters. It is
plotted in figure 1 for several values of the supply-
consumption ratio md,/m, for the particular value
k=1%%. That this value of k is a reasonable one for
moderate supply-consumption rates was verified
by comparing the curves of figure 1 with values
obtained for two special cases for which the
m~% integral in equation (18) is easily evaluated.
These eases are (1) m/m,=1— const. {{/t;), and 2)
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Fairing to correct
=0 value .

Special coses

Mass ratio, my, /m,

Froore 1. -Relation hetween mass ratio and T for
variable-thrust propulsion periods involving nonpro-
pulsive mass ejection,

(m/mg)?=1—const.({/t;). Forthefirst case(constant
mass-consumption rate), equation (22) becomes

]_ﬂ'm‘,
a ] e
+ m; B !
For the second case, equation (22) becomes
s <ﬂ’>2
m m m Thig @
-t Y ——t_T 22b

m, — 2
ma

365957 61 —2

Values obtained from equations (22a) and (22h)
arc indicated in figure 1 for the case mt,/m,=0.3.
The comparison indicates that, at least for values
of mg,/m,<0.3, the curves obtained for k=}4
arc adequate for preliminary mission studies,
These eurves do not, however, yield the correet
values of m,/mgat T=0[(m/me)r-o=1— (M4 m,)].
The dashed curves were therefore faired into the
correct value to improve the accuracy near the
abscissa.,

With the curves of figure 1, the mass ratio
required to follow constant-power trajectories can
be determined when the value of v for those tra-
jectories 1s found. Tor the particular case of
heliocentrie transfer from the orbit of the Earth,
the relation between v and T is

r—=0.04y (24)

[Tt should be noted that the ¥ of this report is
not the same as that of ref. 1. The relation be-
tween them 1s

al'=(v)ree.1

The expression y2/a plotted inref, 1 is related o
the preseunt parameter by

v 2 - -
r—0.454 (7—) , hw
@ /Ref. 1 1H

where the factor 0.454 converts the « of ref, 1
(which is in kg/kw) into Ib/lkw.]

MASS RATIO FOR INTERPLANETARY ROUND TRIPS

The mass ratios required for the seven phases
of a round-trip interplanctary mission can now be
summarized as follows:

Phase (1).- Escape from ecircular orbit of radius
ry around Earth (from eq. (11)):

& o _msll

@ 25
Joo Bt my (29)

My _q35 -5
m, 1—3.35X107% r,

Phase (2).~ Earth-planet transfer (eq. (22)):

4”'23{3
My m, m o
1—- = ;
ms (H—@)z w2 (26)
my

(The solution of this equation is given in fig. 1.)
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Phase (3). Descent to circular orbit at radius
ry around planet (eq. (11)):

ms s 1nes., Mals My a Mely e
T8 13351078 g —2 2= 23 (97)

m, m,Goo My [31‘3 m,

or, from equation (11a):

- ) .
l”—3~<1—’ﬁmiid> <1+3‘35><10—57 ;’: (']73 B%‘)
2 41} 3

m,
(27a)
Phase (4).  Waiting or exploration period:
m msty, m, :
__4___ s 1 ex (25)
my My m;

where m,; is the mass, other (than provisions, that
is used during this period and left behind (such
as landing and exploration equipment).

Phase (5). Escape from circular orbit at radius
r, around planet (eq. (11)):
My Gy @ Titsls

m_
—=1—-3.35KX10"% r; —
my s m; G Bts My

(29)

Phase (6). -Planct-Earth transfer (eq. (22)):

4”'13t5
m; ms m;

{The solution of this equation is plotted in fig. 1.)

Phase (7). ~Descent to circular orbit at radius
r; around Earth (eq. (11)):

S mimy g« n'zst7
=1-335%107"% p;-t L L ———T (3]
mﬁ 335,107 T ms My oo Bt; ms B1)

or, from equation (11a):

m; (1_77? t><1+3 255105 7
ml)

'mb g1 @ )*1
T my gu Bt

(31a)

mla

The mass m; is the mass returned to an orbit
around the Earth, and includes (1) the return
payload mass (crew quarters and supplies, except
consumed provisions, crew shielding, communica-
tion and navigation cquipment, instrumentation,
ete.), (2) the powerplant mass m,,, and (3) the
reserve propellant and provisions my. If the
basic pavload and reserve are grouped together
and denoted by m,, the return payload mass, then

my__Ma

=T 99)
m; my (52)

All structure weight is assumed to be included in
the powerplant weight.

Tt is worth noting that the parameters o and 3
appear in equations (25) to (31a) only as the ratio
/B, which is equal to W/P,. Consequently, the
final- to initial-weight ratio m;/m; can be deter-
mined without separately specifying e and 8. To
find the portion of the final mass m; that is pay-
load, of course, requires specification of powerplant
weight ratio B.

For the general manned mission, the payload
must be ealeulated by the step-hy-step process,
starting with an assumed initial mass m;. Il the
payload turns oul to be less than or greater than
that neceded for the mission, other values of m;
must be assumed, and the correet value can be
obtained by plotting a curve of m, against m,.

For preliminary caleulations, aimed at deter-
mining optimum values of the many parameters
involved in equations (25) to (32), it is better to
simplify these equations by neglecting m., and the
supply consumption m,. Tt is also convenient to
consider a specific mission. The mission chosen
for consideration herein is a round-trip Mars jour-
ney starting and ending in an orbit around the
Earth at radius r;=r;=4360 miles (g.=g,=26.6
ft/sec?). At NMars, a wailing orbit at 13_2.)00
miles is assumed (g3==8.7 ft/sec?). With these
simplifications, equations (25) to (32) can be com-
bined to yield the following expression for the
ratio of payload weight to initial weight:

m, o *“—' I‘J—E—O 0226 (*__ :I}

m «a

m; B

m;y I:l

29
I‘ —LO—O——() :] mla F6—|—

DINT £ e
m; B

T,+-0.0226 (——W

(33)
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where
m, (¢4 ,
M 1—0.1207 & 3:
. 0.1207 - (34)
I=0.04 v, kw,Ib (35)
572

Te=0.04 jf 6= 0.014 4, kw/1b (36)
R

7

Further simplification 1s permissible for those trips
for which the terms involving ¢, and f; are negli-
gible in comparison with Ty, as they will be for
the faster trips to be considered.  (This is cquiv-
alent to ignoring the mass used for phases (3) and
(5).) Equations (33) and (34) then yield

m
m, my —8
m;, . am/ 0.1207
ESIRAAL [ JRNED N E s
]l 6 my ( & > /7 >
my
m; -
= ma 8 37
my 6
where
, 0.120°
=T, Tt 20 39)

tr

Equation (37) can be used for initial estimates of
mass ratio both for one-way trips and round trips
(for the former, 17 is simply T). This equation
indicates also that an optimum value of 3 exists
for fixed values of m/m; and I'". Differentiation

with respeet to 8 yields
B="rt el (1= al") (39)

and substitution of this value of g into equation

(37) yields
()

=T (1= a7 (40)
i/ mar T

For the missions considered herein, typical values
of my/m; range between 0.80 and 0.95.

Equations (39) and (40) are plotted in figure 2
for my/m;=1.0. The results for this case are the
same as in referenee 1. With equations (34) to
(39), initial estimates for weight ratios as functions

of trip times can be made when Ty and 'y have
been determined from the equations for transfer
between eircular orbits.

(%/m/)max and Bap/

4 5 .6 e .8
Ia
Ficvre 2.- -Optimum powerplant mass ratio and maxi-

mum payload ratio as functions of Ve for myfm; 1.0,

TRAJECTORY ANALYSIS

The differential equations for the trajectory fol-
Towed by a vehicle propelled continuously in a
central gravitational field are (ref. 5)

1 a ,
(07 =t 41
p —p(8) +p_ 7 1)
and
p0”+2p'9’=%—5 (42)
where
I sin é o
ar”—T (4‘))
and
I cosé
= 1
g m (4 )

and where § 1s the direction angle of thrust veetor,
measured outward from the circumferential direc-
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tion (see sketeh (a)). The radius ratio p is r/rg,
and the derivatives are with respect to the time
parameter 7=="2cq/ 4

Sketeh (a)

Fquations (41) and (42) have been integrated
in the past for several types of trajectories. In
reference 5, the thrust is constant and directed at
all times parallel to the velocity vector (tangential
thrust). Tn reference 6, the acceleration F/m is
constant, again with tangential thrust.  Tn refer-
ence 1, auxiliary equations are derived, using
variational methods, whose solutions yield tra-
jectories that minimize v for a given one-way {rip
time between two cireular orbits.  Other integra-
tions have been carried out for circumferential
thrust (5= 0°) and radial thrust (8==90°). None
of these approaches are satisfactory for fast round-
trip analyses, because, as pointed oul previously,
the trajectories most likely to reduce total round-
(rip time with minimum propellant consumption
are nol direel transfers between eireular orbits.
Although indircet-transfer  trajectories can be
obtained by trial-and-error patching of various
constant-thrust and zero-thrust trajectories, the
procedure is mueh too laborious for preliminary
analyses.

The approach used herein is to prescribe a
family of fairly simple trajectorics, calculate the
thrust and aceeleration programing required to
follow these trajectories, and determine the com-
binations of members of this family that yicld
minimum values of the two-way mass-ratio param-
eler (T,-+T%).

Two familics of trajectories were considered.
Tor the first, the equations of motion were left
infact, and an attempt was made to find simple
equations for the path that were capable of satisfy-
ing the boundary conditions for transfer between

circular orbits. A reasonable form for the tra-
jectory is obtained if p is assumed to be a sine
function of . The angle 6, in turn, was repre-
sented by a power series in 7. The resulting
equations for the trajectory were

f—r [05+71, (3 %—2057 9})
)
HD)(a—22+40)] 6o
Ts Ts

—1 . 20
p"1+p/2 |:l+smg(—0;—l>] (46)

where subseript J refers to conditions at the final
orbit.  These equations satisfly (he Dboundary
conditions

At 7=0: 0=0, p—1, p’=0
47)
A r=7; 00, p—p; p'=0

Substitution of these expressions for 8 and p
and their derivatives into equations (41) and (42)
and subsequent integration of the square of the
acceleration yield 4 as a function of 8, 7, and the
initinl and final circumferential-velocity param-
cters 8 and @5, If eircular velocity is desired at
both extremities, then 85=1 and 8;—=p;*2. These
values produce a direct transfer between two
cireular orbits.  For such transfers, an optimum
8, is found that minimizes v for cach transit time
r,. For indireet transfers, combinations of paths
can be used as illustrated in sketeh (b). Both
portions ab and be could be transfers between
circular orbits, but lower values of v for the com-
bined path ecan be obtained by varying the
circumferential-velocity parameters 8, at the inter-
mediate point 5. A number of onesway and

-=indirect
trajectory

~ Final orbit

Sketch (b)Y
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round-trip trajectories were calculated for this
family, but it was found that lower values of v
were obtained with the second family tried.  Since
the second family 1s also simpler to deal with in
that closed expressions are obtained for the 4's,
no further discussion of the first family will be
presented.

For the second family of trajectories, the
assumption was made that at all points the relation

6’ =p? (48)

was maintained. This assumption implies that
the circumferential component of the veloeity is
equal to the local circular velocity at all times.
For this family of trajectories, the equations of
motion (eqs. (41) and (42)) assume the particularly
simple form

ar__ 4,

a_ 49

=r (49)
(I_o__] —3/2_.71 ~
L (50)

The expression for v then becomes

T sy P

The assumption 8’ =p%2 defines the relation be-
tween the two independent variables 6 and p, but
still permits arbitrary variations of p as a function
of time. Tt is now only necessary to find an expres-
sion for p as a function of 7 that satisfies the follow-
ing boundary conditions for transfer between two
circular orbits:

At 7=0 p=1, p’=0
(h2)
Aor=7p: p=p;, p' =0
The simplest expression  that  satisfies  these
conditions is
,,__1+(p,—1)( )(;azw (53)

l,)(‘ll()“n(' r/r; by ' the ¢X ]‘1‘?\Sions fm' Foj {md 11\‘
o YT 3
[l(‘I'lVﬂ“V(‘S are

p= 1+ (o, — DEB—28) (54)

,D, b(pff 1) ( _E) (55)

;o Glp—1) . . -
pr="r ) (1) (56)

For idirect trips, such as those of sketeh (),
combinations of two transfers between ecireular
orbits can again be employed, but there is no
choice of the magnitude of the circumferential
veloeity of the intermediate radius, because this
veloeity is circular, for these trajeclories, when
p’=0. Substitution of equations (54) to (56) into

(51) yields
3p,—1) 4, ., .
___(p,r‘/ ) I ;?4”'5/‘ (o)) | (57)

where

L pO—p
Flo)= f T (o= G

5=, Gl (39

and where f(§,p0) is equal to the integrand of the
sccond term.

The value of 8, for these trajectories is, from
cequations (48) and (54),

o= [ o dr=r, [ te,p)8

—/0(s)) (59
where
! "1 dt
Go)= | 06 p0te= | i sy
(60

The funetions Fp,) and G(p,) are plotied in figure
3. For the entire range of p, shown, an excellent
approximate expression for F(p,) is

F(p)=0.033 p; 2 1)

For a limited range of p, (0.3<0,;<(3.0), which is of
interest for Mars and Venus trips, the function
((p;) 1s given to good approximation by

Glop)=p " (62)

Substituting these expressions into equations (57)
and (59),

—M <i —3/2 "
= - T}-*—O.lpf ) (63)

8,=r,0,%% radians )
. (64)

=57.3 TPy ’,*, (]t‘g



10 TECHNICAL REPORT R 70 -NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

100 —--

1

i
|
|

|
eol E
i

40

. - e 1

Radius ratio, Py

R . L N
000! 0002 .0004 00l 002

i
:
1T

“o0a 0l 0z

04 06 | 2 4 6 2 Ta & 10

Functions F(pf) and G(p{)

Fiavre 3.—Exuet and approximate values of funetions Fp) and G{ps).

Equations (63) and (64) are the equations for
the trajectory parameters upon which the remain-
der of the discussion will be based.

DIRECT TRANSFER BETWEEN CIRCULAR ORBITS

Although mueh of the present report is devoted
to round-trip interplanctary missions, it is of
interest to discuss briefly the use of #=p"%2 tra-
jectories for one-way direct transfers between
circular orbits.  Such transfers are needed for
missions such as raising or lowering satellites and
for one-way planetary probes.  Furthermore, com-
binations of such direct transfers will subsequently
be used for analysis of round-trip missions.  For
heliocentrie paths starting from the Earth’s orbit,
T is given by

T 0.04y (65)
and the {rip time parameter is
tealy 18530864 10%,__
== e 002 e (66)

where #, is expressed in days.
Values of T caleulated from equations (63) and

(65) are shown in figure 4 as a function of 7, for
various radius ratios p, Shown for comparison
is the curve for the optimum Earth-Mars transfer
taken from reference 1. To is apparent that the
9" =p ¥2 trajectories are far from optimum for
one-way interplanctary transfers.  For an Karth-
Mars (ransfer time of 175 days, for example, and
for a value of «/8=50, the ratio of initial to final
mass m,;/m; is about 1.007 for the trajectories of
reference 1 and about 1.25 for the 8'=p"%2 trajec-
tories. Although it appears doubtful that the
low mass ratios obtained for the optimum trajee-
tory can be realized in practice, even for one-wayv
{rips, the difference is so large that there 1s ade-
quate basis for assuming that round-trip mass
ratios calculated with 8’=p"¥2 (rajectories are
quite pessimistie, and that subsecquent trajectory
studies will produce considerably lower values for
given trip times.

For geocentric missions involving transfer to
higher orhits from a near-Earth orbit (14360
miles), T is given by (see eq. (23))

I'—=13.82y (67)
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The relation between 7, and ¢, 1s

4.6000.86410% 7,

1360 =03 ¢, (6S)

Tr=

where #,is again in days. Obviously, the range of
7, of interest for geocentric missions differs greatly
from that of figure 4.

INDIRECT TRANSFERS BETWEEN CTRCULAR ORBITS

To evaluate mass ratjios for indirect transfers
with the #==p732 family of trajectorics, two
members of this family are combined, as shown
in sketch (¢):

— —Initia! orbit

’ -—Final orbit

Let
)
Pa==_""
¢ r(l
_—rc
Py s
7
pe=" (69)
7(1
r
P1 T
r
pP2=_"
iy

Then the expression fory appropriate for the entire
transfer abe is derived as follows:

AR

= f( :c I:( p,{>2+_1¥ pr 3<p{)2] dr

e
M

where
Dca
Te=" ten
Ta
vc,b
Tp="" o
Ty
(A —
Te=—t, . L )]
Ta
7
Ty C‘at
Ty
Ced
T2:_c t
Iy J

The integrals in this expression for v are the same
as those which led to equation (63). Conse-
quently, the value of v for an indirect trip becomes

1_P(1) [( ) -3 ]
__+_0 ]Op /2
1 2 —5;2 2
_{_:},(L, pb)_ Pa o [(2_) +010 p;3,’2] (\72)
Ty Th

Liet k=t 5/t,,. be the fraction of the total transit
time alloted to the portion ab of the trajectory.
Then, sinee py=p./p., equation (72) becomes

_Aﬁ_l’u)? [(:24)2_*_0‘1 pa—3/2j|
KT, KT
Hop [ 2
1—xT7, (1—
lo(l_pa)2 K 12
— [1+ Tlx)‘l]

(k7.)?
0.30(1 D ¢ AT .
+- i pz/zp (1+ - _3;2) ("3)

] +0.1(pupc) 7% }

KTcPu 11—« Pc
where
{:{Pr_pa
ll_pa

For a given total one-way trip time ¢, . and a
given destination radius ratio p,, equation (73)
expressed v in terms of the intermediate radius
rutio p, and the proportion of the transit time
allowed for the first portion of the trip «. For
cach pg, pe, and £, an optimum value of « exists
that minimizes 4 for the trip. Differentiation of
equation (73) with respect to « yields the following
equation for this optimum x (denoted by «xg):
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AL

The solutions of this equation for 7,=0 and 7.==
are

For r,=0: R (75a)
Ko
1 —
Forr,=o: B 1;14 {(75h)
Ko Pc

These solutions for optimum x, are plotted in
figure 5. Also shown are values obtuined for
that, for

7.=+120. These calculations show

Jopespa) = 0.30(1— po) 05 2 (144 1)
14+ CHe)Y (77h)

The limiting forms of the functions for p,=1 and
pa=p. (direct transfers) are

Sileo, ) =fi(pe,p) =12(1—p,)*

fZ(Pml) :j2(pcypc) =0.30 Pc_3/2<1 _90)2

(7Sw)
(78b)

The resulting expressions for v are, of course,
identieal with the direct-transfer values of equa-
tion (63).

Considerable simplification in making round-
{rip calculations results from noting that

values of 7, of interest for interplanetary missions, Mo e pe) =[A(pep)] ™! (79)
there is no appreciable change in x from the 7,=0
. . . - - —27
value. It is, therefore, a good approximation to Jiloc Lpz e = p 21 (pespa) (80)
use the value of x for 7.=0 in the expression for o
v (eq. (73)). This expressiou then becomes Joloe 00 0 = pcfelpepa) (81)
Y=13fi(pe,pu) 77 folperpa) (76) The transformations  p.—p !, p,—p7'p, corre-
where spond to inward and outward trips between the
Filpep) =12(1=p)2(1 4+ 14 (772) same circular orbits along trajectories with the
I.Ol l
i
5o |
5
Q
20 |
=¥ H
55 8- — - —
0 i
T c
0O
z =
Ihe
© 2 —~—
o5 4l T~ ‘ e —
£E Ny / I
X N /
- i ~_ / |
k<] N / .
= | AN Time parameter,
8 ; N / T
o 2 - s AN / N c —
| | RN e — 0
; \\ _ o)
, ] | \ o JT20
| | | W | |
ol f Lo |
2 4 6 8 1.0 1.2 4 1.6 1.8 20

Intermediate radius ratio, e,

Fiarre 5. —Limiting values of optimum &, for p,=1.524.

5365957 61——3
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d

Sketel ()

same intermediate radius 7, Sketeh (). If the
value of v for the outward trip (abe) is denoted by
v., and for the inward trip (dbe) by vs, equations
79) to (81), together with equation (76), yield
the result that

' e rn <9
ra ld) ( u> ( o ’11) (g-)

where r,=r.. This equation, in turn, when used
in equation (36), yields the required result that

w T 7h
r.,( )771 ( - 3
o (83)

Values of fi and f. are shown in figure 6 for
p.=1.524 (Earth-Mars trip) and p,=0.656 (Mars-
Earth trip).  With these values, mass ralios
required for various combinations of round-trip
Mars trajectories ean be caleulated.

Another quantity needed for these round-trip
caleulations is the angular distance  traveled.
From equations (59) and (62),

_ -=3/4 —~3
0" TaFa /+prli /

—3/4
_Te.arla,c oYt vb(l—:\)l‘,,r( >

]l‘
_TePa '7 (14 Ap, 1), radians (84)
141
or —~
9 l_!_p~a/4,\l;
(o p) = Be N2 S5
y (Pc, P pg“(1+\Al) (

where, as before, the optimum value of « for
r.=0 has been used.

The relation between values of 6/ for inward
and outward transfer between the same ecireular
orbits with the same intermediate radius is

0, . _ 2
- (Pr l,vPr Ipu) = P‘Z 2= (Pra p,,)
T T

so that

8(p 1, p pu) =0(pc, pa)

Even more useful for interplanctary mission
studies is the lead angle ¢ acquired during the
transit by the vehiele relative to the initial planet
(Earth).  Any lead angle aequired during the
oulward trip (and during the time spent in the
vieinity of the destination planet) must be reduced
to zero or augmented to 27 if the rendezvous with
the initial planet is to be achieved. The lead angle
acquired during the departure phase (phase (2)) is

r
erm B, — (F{

2

]

where 7., and 7, are the orbital speed and radius
of the Earth, rp is the orbital radius of the destina-
tion planct, and r,, is the intermediate radius on
the outward trip.  The lead angle for the return
trip (phase (6)) is
Tek

— tg
r,;E

_Lery —qu)(’ﬁ 7?.4;
T /,,
r K I: (r_P rl; 3 ) ] (\7)

where 7,5 is the intermediate radius for the return
trip.  The lead angle acquired during the time
spent in the vicinity of the destination planet
(phases (3), (4), and (5)) is

p=0;—

P = (91’40F}( ¢

=0

where t,=1;+t+1;.
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For the Earth-Mars trip (0,5/re=0.0172 radian/
day=0.986°/day), these lead angles become

0956[ ( ,)94 )—1] deg/day (89)

—'40 9\6[ ( 524, 27—6 —l] deg/day (90)

—0.462, deg/day (91)

The function ¢/t=0.986 [g (1 524, ?)— 1] is plot-
E

ted in figure 7. With this curve, the radius ratio
required for the return trip, for a given outward
trip and waiting time, can be determined with the
relation

et et op=2n7 (n=0,1,2,3) (92)

For fast trips, the case n=0 is of most interest.

WEIGHT RATIOS FOR MARS ROUND TRIPS

To evaluate the weights needed as functions of
trip time for interplanctary round-trip missions,
either with the step-by-step method (eqgs. (25) to
(32)) or with approximate methods, the values of
T, and I'; must be determined for combinations of
trajectorics that satisfy equation (92). For
Earth-Mars missions, the expressions for I, and

T's are
o Ei(07)
+r(1a2a22)| o

where n=2 for the outward trajectory and »=6
{for the inward trajectory.  This function of transit
time and ryfrg is plotted in figure 8. Since T has

8

TT
b
Lt

PRSIl mel el dy ] AP

Lead angle
Trip time

i
N
L

S a4 6 8

1.0

2

Intermediate radius ratio, /0

FiovrE 7.—Lead angles for FEarth-Mars transfers with §'=,=%? trajectories.
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a sharp minimum at 7,/rg=1.0, it was thought
likely that the lowest values of T+ T for a given
total trip time would be obtained when cither
the outward or return irip is a direet one (ro/rg
==1.0). Subsequent caleulations confirmed this
conjecture, and further ealeulations were therefore
made for ryy/re=1.0. The first step was to
caleulate T;+Ty as a function of ¢, for several
fixed values of t, and ¢, where ¢ is the total
round-trip time with the exceptions of the Earth
eseape and deseent phases; that is,

=ttty (94)

Equations (94) and (92) and figure 7 determined
@5, ts, and 1y ¢/rp as a function of &,; T and I'; were
then obtained from figure 8. This calculation
yielded the optimum distribution between £, and
1, for given ¢’ and {,, together with the values of
Ty, T, and rp¢/re corresponding to these optimum
trips.  The results are shown in figure 9 for t,=50
days. The curves show that the outward (direet)
{rip time # is about one-quarter of ¢/, and that
the optimum intermediate radius for the return
trip 7y is about 37> 10° miles and is almosl
independent of t'.

Using the values from figure 9, a calculation
was next undertaken using equations (34) and
(37) to determine the best distribution between
t, and ¢ for a given total trip time. Values for
g of 0.2 and « of 10 were used for this part of the
caleulation. The ratio m,/m; was found to be
ruther insensitive to small redistributions of total
trip time between ¢, ¢, and . The resulting
breakdown of trip times is shown in table L.

Using these values, the ratio of initial mass to
payload mass was calculated from equation (33),

which is the more preecise equation for the case
me=0, m,=0. Results are shown in figure 10
for @a=5 and 10 pounds per kilowatit. Also
shown for comparison are mass ratios for the
same mission using nuclear rockets with specific
impulses of 800 and 1000 seconds. The compu-
{ation procedure and trajectories used for the
nuclear rocket are deseribed in appendix B, The
two branches of the curves for the nuclear rockets
result from use of a different type of trajectory
for low and high trip times.

Figure 10 shows that, contrary {o general opin-
ion, electric rockets are potentially as capuable as
nuclear rockets of making fast interplanctary round
trips.  In fact, for mass ratios less than 10, it
appears that electric tockets can accomplish the
mission considerably faster than nuelear rockets.
These comparisons, of course, depend on practical
achievement of the assumed performance param-
eters for both systems, but the ones chosen are
generally regarded as being attainable.  Another
interesting result shown in figure 10 is that the
mass ratio inereases very slowly as trip time is
reduced quite drastically below the minimum-
energy values.

THRUST AND SPECIFIC-IMPULSE PROGRAM

It is of interest to calculate, for some typical
missions, the thrust and specific impulse required
to follow the assumed trajectories. For constant-
power trajectories, such as those considered herein,
thrust and specific impulse (or jet velocity) are
related by equation (5), which can be expressed as

I— 95
mGwn Moo ( O)

TABLE I. NEAR-OPTIMTUM PARAMUTERS FOR EARTIT-MARS ROUND TRIPS FOR £,=50 DAYS USING
o' - p-3: TRAJL.CTORIES

Total trip 4 t i i3 ¢ ts ts t; T2, kw/lb T, kw/lb REX)

time, days rE
400 15 370 98 15 25 10 222 i5 ' 0.0315 0. 063 0. 61
450 20 410 110 250 20 . 023 L0 .62
500 25 455 122 283 20 . 0185 . 031 .62
550 30 195 130 315 25 \ . 0132 L0235 L0625
600 35 540 148 342 25 . 0095 L0183 .63
700 50 620 160 410 30 . 0060 L0124 . 63
800 0 | 700 | 100 ! 160 30 | L0043 . 0090 .63
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Fiarre 9. -Optimum values of purameters for Earth-Mars round trips (/,=50 davs; ¢/ =1+, + ).
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If F/m go is denoted by ag, equation (95) hecomes

;4598
Ay &

(96)

For constant-thrust phases (phases (1), (3), (5),

and

),

MoGo AT mugo=0,9 MyGo 9~)

Moo 7 Mifw Vool MG

Te

where mygy=m,g, for phases (1) and (5), and
mogo="m,g, for phases (3) and (7). Thus, for
phase (1) (Earth escape), with g./gen=26.6,32.2
==0.826, and m,=my,

0.008

o= 95)
t

and

N—574050 (99)

o
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For phase (3) (Mars deseent), ¢,/00=8.7/32.2=
0.270,
0.00335 mny

oo 37 /N m, (100)
and
T, 13,700 258 6’3 . (101)
For phase (5) (Mars eseape),
~0.00335 m, 5
Ao, 5= t m, (102)
and
1,—13,700 B’ i (103)
my
For phase (7) (Earth deseent),
0.008 m;
([nn..'“ t';' 7711- (]04)
and
=570 Pl e (105)
a Mz

TFFor variable-thrust phases (phases (2) and (6)),
the accelerations are obtained from cquations
19, (30), (54), (55), and (56), and the thrust is

caleulated from
_ M. /( >+(
m (/nu G ’/u

Thus, for phase (2) (direet Eurth-NMars trajectory),

(106)

Q=
Moy

a,, 10,650

g n (1—28€) (107)
a 2
and
9 -
";2 = T (108)

where f (1.524, £) is the function under the integral
sign in equation (58).

For phase (6) (Mars-Earth indireetl return), the
aceelerations for the first portion are

ar.ﬂ__—42':;@
de  (0.42144)°

—28) (109)

and

a“,:_(' 103

f%‘—"— _zbv
y 0.457,, v {pa,6,€) (pm——m) (110)

and for the second portion,

a.s 2980
1—2 111
gﬂ ( r)S [b) ( E) ( )
and
ay, 6 ._)1 2 7'1.; 9
ga 0. oSfe\/ 1) (112)

The thrust and specific-impulse programs are
shown in figure 11(a) for a 500-day trip and in
figure 11(h) for an 800-day trip. Values of «
and B used were: a=10 pounds per kilowatl and
3=0.20. These figures show that the specifie
impulse ranges from 2,500 to 37,000 for the 500-
day trip, and from 4,000 to 38,000 for the 800-day
trip.  The mass-flow rates required for a given
power vary as 772, so that mass-flow variation by
a factor of 100 is needed if T varies by a factor
of 10. Although these large variations are not
impossible with ion accelerators, a reduetion in
the range of variation will certainly be desirable.
Tt is possible that trajectories can be found that
do not require such large thrust variations and
that will not significantly increase the mass ratio.
Considerable investigation to find such trajectories
is certainly warranted.

The time variations of several trajectory vari-
ables for the Earth-Mars transfer portion (phase
(2)) of the trips shown in figure 11 are plotied in
figure 12.  Of particular interest are the curves
for the direction of the thrust vector §, which
show that the thrust is radial at both ends of the
trajectory and is inclined at large angles to the
velocity vector throughout most of the transfer.
The fact that the thrust is radial at both ends
of the trajectory for all =p732 transfers can
also be seen from cquations (49), (50), and (56),
which show that the radial component of the
thrust vector deereases linearly with £ from its
maximum positive value al £=0 to its maximum
negative value at #=1, while the eircumferential
component is zero at both ends (p"=0) and reaches
its maximum value near the middle of the transfer
path.
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Fiorre 11.-- Time history of mass, ihrust, and specific impulse for 500-day and 800-day Marx round trips (=10 Ih/kw,
3—=0.20).
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MANNED_MARS MISSIONS

Using the near-optimum parameters of table T,
caleulations were made of the weights required for
a manned Mars mission similar to that discussed
in referenees 5 and 7; that is, an 8-man expedition
capable of landing on Mars. The constants of
the journey are the same as used for the unmanned
trips of the previous scction, and the additional
conslants are m =S80 pounds per day (based on
a consumption rate of 10 Ib per man per day) and
exploration equipment m.. gy cqual to 40,000
pounds.

Equations (25) to (32) for this mission become,
with 3=0.2:

Phase (1):

Wy _0.604a_ 801,
W, i W,

(113)

Phase (2):

8.,9’)
™ Iy
W, Ty .
(”fin
(solution plotted in fig. 1)  (114)
Phase (3):
| 80t
W W; o
w0005, (115)
ts W,
Phase (4):
W, 807, 40,000
1 A VA (9 (116)
Phase (5):
WS 0.113« W, 804, -
1 VLT | A (1)
Phase (6):
8075
w0 o
W ( UG T
14 )
(solution plotted in fig. 1) (118)
Phase (7):
|80t
w; W
m_1+0.604a“vﬂ (119)
t 1
The return payload ratio is, as before,
W, s )
w=p—0-20 (120)

Using cquations (113) {o (120) and the param-
eters of table I, the return payload weight TV,
was caleulated as a function of initial weight for
several trip times and for values of specific
powerplant weight of 10 and 5 pounds per kilowatt.
Results are shown in figare 13. Xor a return
payload of 50,000 pounds, the initial weights are
shown as functions of trip time in figure 14.
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Also shown in figure 14, for comparison, are
initial weights required for the same mission with
a nuclear rocket having a specific impulse of 1000
seconds and a powerplant weight of 20,000
pounds. Appendix B describes the calculation
procedure for the nuclear rocket.

Among the features of interest in figure 14 is
the tesult that the initial weight increases very
slowly, with cleetrie propulsion, as the trip time
is reduced from the minimum-cnergy value of
about 1200 days (refs. 5 and 7) to about 700 days
for =10 or about 530 days for a=5. The rate
of inerecase is even slower than that for the
unmanned mission (fig. 10), beeause reduction
in supply weight necded tends to compensate for
the inercased propellant weight as trip time is
reduced. The relative position of the curves for
electric and nuclear rockets remains about as for
the unmanned-mission caleulation.

CONCLUDING REMARKS

The results of this study show that, even with
a simple, nonoptimum family of (rajectories, it is
possible to produce drastic reductions in the time
required for round-trip interplanetary missions
using continuous, low-thrust propulsion. Tt is
to be hoped that further trajectory optimization
studies will produce even greater trip-time reduc-
tions for given initial mass. Tt is also desirable,
although perhaps not essential, to find trajec-
tories that require less variation in thrust and
specific impulse than those used herein.

Trwis ResearcH CENTER
NATIONAL AERONATUTICS AND SPACE ADMINISTRATION
CLEVELAND, OHio, April 22, 1960
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APPENDIX A

SYMBOLS
P Pa IIv
1—p, W,
thrust acceleration a
radial thrust acceleration 8

circumferential thrust aceeleration

thrust acceleration in reference eircular orbit
for constant-thrust phases

4.4X107%r(aor)*(matto/ W) (a/Bt,)

thrust, Ib

gravitational acceleration

gravitational acceleration in reference eir-
cular orbit

gravitational acceleration at Earth surface
(32.2 ft/scc?)

specific impulse, see

mean-value parameter

mass, slugs

mass, other than provisions, used and left
behind (phase (4))

jet power, kw

distance from center of gravitational body

imtermediate radius for indireet trajectory

Earth orbital radius, 92.9:<10% miles

Mars orbital radius, 141.5<10% miles

time, days

time for phases (3), @), and (5), t;,+4,+1;

total round-trip time except phases (1) and
(7), f2Htutis

jet veloeity parameter, 2,/r. 4

cireular veloeity

circular velocity in referenee orbit (departure
orbit for escape phases and destination
orbit for descent phases)

jet veloeity

weight, mge

Moo

specific powerplant weight, T7,,/P;, Ib/kw
ratio of powerplant weight to initial vehicle
weight, W7,/

r (2e, a1e/0.28¢un)y, kw/lh

¥ integrated aceeleration parameter for
variable-thrust phases

b angle between thrust vector and circumfer-
ential direction

trajectory angle (anomaly)
fraction of time allotted to first portion of

indirect transfer

3 T/TJ

p radius ratio

T time parameter, ¢, o7,

7. seeeq. (71)

¢ lead angle

¥ angle between velocity vector and circumfer-
ential direction

Subseripts:

a values at start of phase

b values at end of phase

2 Earth

S final values at end of propulsion pertod

7 initial

p  payload

pp  powerplant

pr propellant

s subsistence supplies

w  wall time (phases (3), (4), and (5))

0 reference orbit

1 -7 phases of interplanetary mission

Superseript :

’ indicates differentiation with respect to 7
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APPENDIX B

MISSION WEIGHT CALCULATIONS FOR NUCLEAR ROCKET

For a high-thrust interplanetary mission, start-
ing and ending in an orbit around the Earth, there
are four propulsion phases ((1), (3), (5), and (7)),
cach charaeterized by veloceity inerement A re-
quired to follow the chosen trajectories.  TIf only
the propellant mass reduction resulting from cach
Ar is considered, the mass ratio for cach firing is

Pongmsewrti (n=1,3,5,7) B1)

ma,u

Tor the nuelear rocket, it is assumed that a single
nuclear reactor and thrust chamber will be used
throughout the mission, so that no motor staging
will take place. However, after each firing, some
propellant tankage can be disposed of. Tf it is
assumed that the tankage weight is proportional
to the propellant used, the weight after cach pro-
pulsion period can be represented as

My, n= 7nl:.n_€u(ma.n— m;,u) (BQ)

Mom (14 )e 2 wmime, (n=1,3,5,7) (B3)

an

where ¢, is the ratio of disposed propellant tankage
to propellant used. A value of €, 0of 0.05 was used
in the present computations.  If the mass ratio of
equation (B3) is denoted by m/, the initial weight
for a complete manned interplanetary mission can
be written as follows:

W, +W, 4wt
mimim;ms

W=

mimi (Wt -+ W)+ mim;miWit,
mimsmyms

+ (B4)

where 1,=80 pounds per day for the 8-man mis-
gion considered, and 1,,=40,000 pounds. For
the unmanned mission (,=11,=0), equation
(B4) reduces to

W,
T,

w_ "
W

P

~ m{mim}m; (B3
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TFor the nuclear-rocket curves of figure 10, equation
(B5) was used, with W7,/ 17, assumed negligible;
while for the curves of figure 14, equation (B4) was
nsed with 17,, assumed to be 20,000 pounds.

The values of Ar and trip times were obtained
fromn reference 4, which contains results of system-
atic caleulation of Earth-Mars round-trip tra-
jectories.  For each range of total trip time, the
trajectories yielding minimum total Az were used.
For trip times between the minimum-energy value
of 970 days and 630 days, the best routes found in
reference 4 were of the direct type for the outward
trip and an aphelion route (passing outside the
\Mars orbit) for the return trip.  For the trip time
range below 600 days, lowest Ar’s were found when
outward and return trip were both along perihelion
routes (passing inside the Earth’s orbit).  Some
interpolation was necessary in the times and Ar’s
of reference 4, sinee, for some of the trajectories of
interest, values were given only for 100 days’ and
zoro days’ waiting time (f,) in the vicinity of Mars.
To obtain the weight ratio comparable with those
for the low-thrust missions, a value of {, (=t of
25 days was assumed unless larger waiting times
produced smaller A’s. The resulting values for
the Ar’s and times are given in table TT. - The times
required for the propulsion phases were assumed to
be negligible. A slight corvection was made in the
values of Ar, and Ary obtained from reference 4, to
allow for the difference between the 2500-mile
orbit assumed herein and the orbit at 1.1 ry used
in reference 4. This correction amounted (o
changes of the order of 0.06 mile per second or less
from the values of Ary, and Ar, obtained from
reference 4.

Table TT shows that, for trip times greater than
810 davs, the waiting time at Mars is greater than
25 davs for the optimum trajectories.  No caleula-
tions for t,>>25 days were made for the low-thrust
propulsion system; however, the results of refer-
ences 5 and 7 for minimum-energy paths ((,=450
days, t,,= 1200 days) yiclded initial weights com-
parable to those obtained herein for £,=25 days,
t0e=800 days. Consequently, it is expected that
{rajectories ean be found, in the range of £, from
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TABLE 11

TRAJECTORY PARAMETERS USED FOR NUCLEAR-ROCKET CALCULATIONS

Totul trip ts tw {5 Ay Av Avs Avg Avgor, Route
time, days miles/sec
970 260 150 260 2.20 | 1. 36 1. 36 2. 20 7. 12 Minimum-energy
900 260 225 415 2.20 | 1. 306 2. 62 2.32 8. 50 Direct-aphelion
850 260 110 480 2.20 | 1. 36 3.22 2. 44 0. 22 Direet-aphelion
810 260 25 525 2.20 © 1.36 3. 64 2. 53 0.73 Direct-aphelion
650 160 25 465 1. 48 2.05 ;.4 84 | 4. 58 15. 95 | Direct-aphelion
550 263 25 262 4. 60 2. 19 2. 068 | 5. 00 4. 47 | Perihiclion-perihelion
500 226 25 240 4.70 2.78 2. 68 1. 30 I4. 46 Periliclion-perihelion
400 155 25 220 4. 70 3. 36 3. 17 4. 00 15. 43 Perihelion-perihelion
350 123 25 202 1. 60 4. 36 3. 76 4. 90 17. G2 Perihelion-perihelion

800 to 1200, that yield longer waiting times than
25 days with little, if any, inerease in initial weight.

The round-trip missions analysed herein are not
necessarily the most economical for either nuclear
rockets or clectric rockets.  Other missions possi-
ble with nuclear rockets might include nuclear
boost from the Earth as part of the escape phase
(phase (1)), whereby some improvement in over-
all mass ratio might be realized relative to cleetrie
rockets.  Such a mission should be compared with
one in which electric rockets are launched into
orbit with nuclear rockets to determine whether
there is sufficient advantage in switching to elee-
tric rockets for the interplanctary part of the mis-
sion. Use of atmospheric braking, both at the
destination planet and upon return to Earth, would
reduce the weight ratio needed for both nuclear
and electric rockets for a given total {rip time.
The reduction might be greater, percentagewise,
for nuclear rockets than for clectrie rockets; be-
cause reductions in the effective Ar tend to be more
significant with systems having lower specific im-
pulse.  Such analyses, as well as discussion of the
relative optimism or pessimism in the assumed

performance parameters of the two systems, are
beyond the seope of this report.
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